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Blow-up profiles of solutions for the exponential 
reaction-diffusion equation. 



A. Pulkkinen 



' Abstract 

We consider the blow-up of solutions for a semilinear reaction diffusion equa- 
I tion with exponential reaction term. It is know that certain solutions that can 

^ , be continued beyond the blow-up time possess a nonconstant selfsimilar blow-up 

pL^ ' profile. Our aim is to find the final time blow-up profile for such solutions. The 

proof is based on general ideas using semigroup estimates. The same approach 
. works also for the power nonlinearity. 

Oh '. 1 Introduction 

<. 

, We consider the following problem 

■ 

c5 ■ I ut = Au + /(u), t>0, 

u = 0, x&dfl, t>0, (1) 

u{x, 0) = uo{x) > 0, X G n, 

where Q = 5^(0) = {x e : |a:;| < R} and N is supercritical, i.e., G [3, 9] and the 
^ ' initial condition uq is nonnegative and in C^(f2). We are mainly interested in the case 

f{u) = e", but some results work with more general nonlinearities. Before stating our 
results, see Theorems [51 El and [5] below, we give a brief introduction to the subject. 
We are interested in solutions that blow up in finite time, which means that there 
■ exists T € (0, oo) such that i)||oo < oo for t < T and 



limsup i)||oo = oo. 



By standard theory of parabolic regularity, this implies that u is a classical solution 
for every t S (0, T). Blow-up is said to be of type I if the blow-up rate is the same as 
I that of the ordinary differential equation u' ~ f{u). For f{u) = e" this means that 

.S; -Ci <l0g(T-<) + ||u(-,t)||oo<C2, 

for some constants Ci and C2 . If the blow-up is not of type I then it is said to be of type 
IL A point xo G r2 is a blow-up point if there exists a sequence {(a;„, t„)}n C 51 x (0, T) 
such that {xmtn) — >■ {xo,T) and ?i(a;„,tn) — > 00 as n — > 00. 

A solution can exist beyond the blow-up time i T as a weak solution. To be 
more precise, we give the following definition. 

Definition 1.1 By an -solution of {ip on [0,7^ we mean a function u e C([0,7^; 
L^(ri)) such that f{u) G L^{Qq-), Qj- :~ Q, x. (0,T) and the equality 



[ [u^Yidx- [ [ u'^tdxdt= [ [ {uA-^ + f{u)'^)dxdt 
Jn Jtl Jn Jtl Jn 
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holds for anyO<ti<t2<T and * € C^iQr), "if ^ on dfl x [0,T]. 

Blow-up is said to be complete if the solution can not be continued as an L^-solution 
beyond the blow-up time. 

In this paper we want to focus on solutions that blow up at a: = and have a 
nontrivial selfsimilar blow-up profile, i.e., the convergence ©-(HI) below holds. The 
following theorem (proved in |FP| ) states that every radially symmetric solution that 
blows up and continues to exist as a weak solution has this property. 

Theorem 1 Let f{u) ~ e", N G [3,9] and let u be a radially symmetric and radially 
nonincreasing L^-solution of (Op on [0,7~] that blows up att~T <T. Then 



lim [log(T -t) + u{yVT~t, t)] = ip{y), (2) 



uniformly for y in compact sets of R , where if> satisfies 



\ ip{0) = a, V</j(0) = 0, 



an 



d 



hm {^iy) + 21og\y\) =C^, (4) 

\y\-^'x> 



for some a > and Cq G 



If the above convergence © holds for some function (p, we will refer to (p as the 
selfsimilar blow-up profile of u. 

In the last section of this paper we will slightly improve the above Theorem [1] by 
showing that the assumption on u being radially nonicreasing is redundant. We will 
thus obtain the following. 

Theorem 2 Let u be a radially symmetric -solution of (QP with f(u) = e" on [0,7] 
that blows up with type I rate at {x,t) ~ {0,T), where T <T. Then the convergence 
holds. 

In this Theorem we assume that blow-up is of type I which holds if iV € [3, 9], u is 
radially symmetric and the maximum of u is attained at the origin, see |FP| . 

The existence of global L-'^-solutions of ([Ij with f{u) ~ e" that blow-up in finite 
time is proved in |LT| and |FPo| . The previous two theorems then give the asymptotic 
behavior for such solutions as the blow-up time is approached. 

For subcritical dimensions TV G [1, 2] the only solution ip of ©-([l]) is <^ = (see [E]) 
and so the convergence ^ should always hold with ip = Q. This is proved in |BBE) 
under the extra assumption that u is nondecreasing in time and radially decreasing. 
For general solutions the problem is how to obtain the blow-up rate. 

For the power nonlinearity f{u) = u\u\p~^ blow-up is always complete and u has 
a constant selfsimilar blow-up profile, i.e., the covergence ([7]) holds for p equal to a 
constant, whenever p < ps, where 

r oo, if TV < 2, 
^^-lf±|, if TV > 2, ' 

see [GK] . 

For f{u) = e" and supercritical dimensions TV G [3,9], however, there exists a 
sequence {oij} of initial values tending to infinity such that the solutions pj satisfy 
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The idea of the proof of Theorem [T] is to assume that the convergence ^ holds 
with ip = and then prove that the final time blow-up profile of u is given by 



as |a;| — > 0, which implies complete blow-up by the results in |Va| . Convergence to a 
nontrivial (p is then obtained by an energy argument. In [B] the existence of solutions 
with the final time profile as in (O is proved. 

In |HV1[ IVe2[ IVel| the case of f{u) = is discussed and a variety of final time 
blow-up profiles is obtained by assuming constant selfsimilar blow-up profile. See also 
|BB1 IFK| for other works in that direction. Later these methods were used in |M] 
to prove Theorem 21 below, which corresponds to Theorem [TJ but for the power type 
nonlinearity. The exponential nonlinearity in dimension one is discussed in |HV2| and 
|HV3| . and final time blow-up profiles are found, provided that the solution has a 
constant selfsimilar profile. 

So there are many results concerning final time blow-up profiles of solutions pro- 
vided that the selfsimilar blow-up profile is a constant one. The behavior of solutions 
as in Theorem [T] at the blow-up moment is however not directly evident from the 
asymptotics ©-(111). Our main theorem of this paper is the following which in fact 
does give the final time blow-up profile for solutions satisfying ([2])- ([4]). 

Theorem 3 Assume that u is a solution of ([7]j with f{u) ~ e" that blows up with type 
I rate at (x, t) = (0, T) for some T < oo and verifies Then the final time blow 

up profile of u is given by 



The existence of the limit limt^.^ w(a;, t) for a; ^ is a consequence of the parabolic 
estimates as will be seen in the proof of the above Theorem. 

In this theorem we merely assume that u is a continuous solution of ([T]) that blows 
up with type I rate at (x, t) = (0, T) and has a nontrivial selfsimilar blow-up profile, i.e., 
convergence as in ^ with ©-(HI) holds. We do not need to assume that the solution is 
decreasing or even radially symmetric. It is of course a different matter whether there 
exist radially nonsymmetric solutions of ([1]) verifying (HJ-Q with radially symmetric 
Lf. It is also not known if there exist any radially nonsymmetric selfsimilar solutions. 

Even though the above Theorem [3] is stated with f{u) = e" our analysis works 
for a larger class of nonlinearities, including f{u) = u^. For the algebraic nonlinearity 
Theorem [2] corresponds to the following result, see (Mj. 

Theorem 4 Let p > 1, f{u) = and u be a radially symmetric -solution of (QJ) 
071 (0,T) that blows up with type I rate at {x,t) = {Q,T), where T <T. Then 



u[x, T) + 2 log 1x1 + log I log |a;|| C, 



(5) 



|M(a;,r) + 21og|a;|-Ca| ^0, as \x\ ^ 0, 



(6) 



where Ca is the constant from 




(7) 



uniformly for y in compact sets of M , where ip satisfies 



\ (^(0) = K + a, V(/5(0) 0, 



|y| > 0, 



(8) 
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with 



p-1 



(9) 



lim |yp/(P-i)^(y) = a, (10) 

\y\->-oo 



for some a > and Ca > 0. 



Theorem 131 stated for f{u) — will then be the following, which is already known and 
proved in |MM| . Our method, however, gives a new proof, which we do not present in 
this treatise, since it proceeds very much in the same way as the proof of Theorem [3] 
above. 

Theorem 5 Assume that u is a solution of (Q}) with f{u) ~ for some p > \ that 
blows up with type I rate at (x, t) — (0, T) for some T < oo and verifies V^)- \l(^) . Then 
the final time blow up profile of u is given by 

lim |a;p/(f-i)M(x,T) = C„, (11) 

where Ca is the same as in UU\) . 

In a forthcoming paper jP] we will show that if u is a so-called minimal limit 
L^-solution on (0,T) that blows up at t = T < T and if the assumptions of Theo- 
rem [5] hold, then u becomes regular immediately after the blow-up. Moreover, under 
some additional assumptions, the regularization is asymptotically selfsimilar, i.e., u ap- 
proaches a forward selfsimilar solution as i — > T from above. This improves somewhat 
the results in |FMP) . 

The question about the behaviour of the final time blow-up profiles u{x,T) near 
the blow-up point has been studied in many papers, but usually in the case where 
the selfsimilar blow up profile is the constant one, see |HV1) . |HV3| . |Vel| . [M] . In 
these cases, the final time profile u{x, T) is greater than those in ^ and ([TT|) near the 
blow-up point and it holds that 

lim \u{x, T) + 2 log |a;|| = oo, 

a;— 

if f{u) = e", and 

lim \x\^'^P-^^u[x,T) = oo, 

if f{u) = uP. An example of this type of profiles for /(u) = e" is the one in ([5]). 

Problems of this type have been studied by Matano and Merle in the paper |MM) 
in more detail. The authors consider f{u) — \u\p^^u, sign changing solutions, and Q, 
being either a ball or M^. Their result characterizes the size of the final time blow up 
profile in terms of the blow up rate and the behavior of the selfsimilar profile, but their 
technique does not seem to directly apply to the case with exponential nonlinearity 
and possibly increasing solutions. 

The result of Matano and Merle gives that for p > Ps one has 

{cxj or — CX3 <^ type I with ip = k ot — k, 

finite but 7^ ±1, <^ type I with nonconstant ip, 

1 or - 1 <^ type II, 

<^ no blow up at a; = 0, 
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where ^ — yN — 2 — -^j^j and k is defined in Our Theorem [S] corresponds 
to the second equivalence. 

Their techniques for obtaining the results are very different from ours. They obtain 
apriori bounds for the solutions and their derivatives by using some energy estimates 
and super solutions. They also work with radial solutions in order to be able to use 
parabolic estimates for one dimensional equations. These estimates then allow them 
to obtain the final time blow-up profile both in the case where Lp is regular and in the 
case where ip is singular, and they prove immediate regularization with selfsimilar rate 
also for nonminimal -solutions. 

Our technique of proving Theorem |3] is based on the variation of constants formula 
and certain semigroup estimates. The assumptions here are not very strong and the 
ideas could be used also for different types of equations, but we cannot attack the 
situation where tp is singular. 

In paper [P], we use Theorem[5]to prove immediate regularization of solutions, but 
we can only consider the so-called minimal continuations. 

Nonuniqueness of L^-continuations of u for f{u) = was proved in |FM) . 

The next section is devoted to a discussion on some properties of certain semi- 
groups. We prove that the semigroup generated by the operator A = A — |V -I- $ has 
specific regularization properties, similar to those of the semigroup generated by the 
Hermite operator A = A — |V, in case the function <!> = $(y) decays to as — )■ oo. 

In the third section we prove Theorem[2]by using the variation of constants formula, 
the semigroup estimates from Section 2, and some properties of the solution li of ([T]), 
specifically, the blow-up rate and the fact that 

|Vw(x,t)| < y2e'°^^-"(^^*)/^ (12) 

for every x G Br{0) and t G (0,r), see [FMc] . 

In the last section we demonstrate that the results in |FP) can be proved also 
without the assumption that u is radially decreasing and thereby prove Theorem [21 

2 Semigroup estimates 

To study the convergence ^ in more detail, we define the similarity variables s = 
- log(T - t) and y = and let 

s) = log(r - t) + u{x, t), 

for \y\ < e^/^i? and s e [— log(T), oo). Here u solves ([T]) with f{u) = e 
satisfies 

Ws=Aw- ^Vw + Giw), for \y\ < e/^'^R, s > - log(T), 
with w{y, s) = for \y\ = e/^^R, and 

G{w) ^ e"' - 1. 

The convergence in ([2]) is equivalent to w ip uniformly on compact sets as s — > oo. 
Even though we take the equation with exponential nonlinearity to be the model 
problem, all the analysis goes through for a large class of nonlinearities. 
Denoting W ~ w — ip we notice that W verifies 

W, = AW - ^VW + e'^W + e'^(e^ -1-W) = KW ^ e^(e^ -1-W), 
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for \y\ < i?e*/^ and s > — log(r), where we have defined the operator 

2 

with $ = e*^. 

The idea of the proof of Theorem |3] is simple. We prove that the convergence in 
(ED also holds for \y\ < C{T-t)~'^/'^ = Ce"/^. The claim is then achieved by using the 
asymptotics Q of (/?. 

To obtain the convergence for \y\ < Ce^^^, we take a look at the shifted function 
W{y + e*/^^, s) as s tends to infinity. Thus it is convenient to define the shifted and 
weighted L'^-norms as follows 

JV^ii') = sup ( / |?/'(2/)|''e-(^-«)'/4d?/)^^^ for r > 0, 

and 

= ( I myWe-'-y-^^'^MyY^', for ^ G M^. 

In the following treatment we consider the semigroup generated by A and assume 
only that $ > is bounded and verifies 

C 

r = max < oo and $(y) < — pr, (15) 

for y G M.^ \ {0} and some constant C > 0. We want to prove the necessary estimates 
that characterize the regularizing properties of the semigroup {e^*}t. Defining A = 
A — |V to be the standard Hermite operator, we know that A and A are selfadjoint 
operators with domain i7^(R^), which denotes the weighted Sobolev space with weight 

P ^ p{y) = e^l^l They generate strongly continuous semigroups in L^(IR^), which 
we denote by {e"**}t>o and {e'^*}t>o respectively. We use the notation || • ||^2 for the 
norm in L^(M"). 

We have the following formula for the action of the semigroup e"** on functions 

'"^'fa' ' [4,(1 -\-r" L °- (' '4(1'- :-■)' ) *^'>'"- 

Since the spectrum of A consists of nonpositive real numbers we also know that there 
exists a constant C > such that 

\\e^'^\\Ll<CM^, (17) 
for every ip G Lp(R^) and t > 0. Because we assumed ((15]), it follows that 

lle^VlU? < Ce^ll^lU., (18) 

for some constant C > and every t > 0. 

The following regularizing property for the semigroup generated by A can be found 
in |Vel| . The semigroup {e^*}t regularizes in the sense that it maps functions from 
L^{M.^) to L^(M^) for any q > (3 iit is large enough. The following Proposition states 
this property in terms of the shifted norms. 
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Proposition 2.1 Assume 1 < q, 13 < oo and r, r > 0. Set j3' = -j^ij- Then for any 
t > and any tjj with A/~('0) < oo, we have 

V/3-l-(g-l)e-*J '^^^U(/3-l-((7-l)e-*)r ^ > 



fort>0 such that (3 - 1 - [q - l)e"* > 0. 

We would like to obtain an analogous regularizing property for the semigroup 
generated by A. 

This is done in different cases in Propositions 12.31 and 12.41 and Corollary 12.51 below. 



We will estimate the norm £^^/2^(e'^*'0) first when t is strictly less than s in Proposition 
12.31 then with i = s in Proposition l2.4l and finally for s large and t close to s in Corollary 



Since ^e'^* = Ae^* = {A + $)e^*, we know that 

6^*^ = 6-^*^+ / e'^(*-^'$e^^Vdr. (20) 
Jo 

The next proposition restates Proposition l2 . 1 l using the /Z^.i^op^is instead of A/'^-norms. 

Proposition 2.2 Assume that 1 < q, (3 < oo and > 0. Then for any t such that 
J < 1 there exists a constant C such that 

/:^,,,^(e^V)<C(l-e-*)-£^(^), 

for e = ^ o-nd any t > t. The constant C is independent of ji and depends only on (3, 
q, N and t. 

Proof. From the proof of Proposition 2.1. in (Velj one obtains that 



By taking ^ = eJ^'^ii and by a change of variables we immediately get that 



4 4(;3-l + e-*). 

t -N/2 



C(/3)(l-e-*)^|^-f^-l ■■'"/ e-y'-^MyC^i^pr 



Nq 



^C{(3,q,Nj){l-e-')^£^^{^r 
. — t 

which gives the claim provided that t > t{q,f3), because p-i+e-* ^ 
Using this result we can prove regularizing properties also for the semigroup gen- 
erated by the operator A. The first is the following. 
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Proposition 2.3 Let $ satisfy HWf) . For every (3 > N/2, < S < j3-N/2, and r > 
there exist constants C = C{5, l3,r,V), e = e(/3) > and M = A/((5, /3, r, F) > 0, such 
that 

< C{1 e-*)-£f,,_,,,,^(V^), (21) 

which holds for every positive t and < t + AI < s, for every p Cz — S), every 

1^1 > r, and nonnegative ij: G L^{W^). 

Proof. Consider /3, (5, r, $, ^ and ?/; as in tlie claim. By the variation of constants 
formula, 

Cl,.^{e^'4>) < Cl;.y4>) + /:^.,.^(e^(*-^)$eA-^)dr. (22) 
The previous Proposition 12.21 implies that 

sup (e^V) < C,{5, m - e-*)-^/:f(_„/ (^Z-), (23) 

for some C\{8, /?) > 1 and e = e(/3) = ^ < 1 for t close to 0. 

Now we want to write estimates for the integral part in ([^^ . To that end, by using 
first the previous proposition and then Holder's inequality, we get that there exists a 
constant C2 (5, /3) such that 

Cl^,.y^'~^'^^e^^^) < C2iS,m - e-(*--))-'/:f;_,^,,/,^(ci>e^^V^) 

< C2{6, m - e-(*--))-^'£^,._.,.,/.,($)£f;:_,+.„,^(e^-V), (24) 

for any p < /3 - (5 and = /3 - 25/3, /3" = /? - S/3, e' ^ ^ and a = ^'(1 - |^)"^ 
Because |<f>| < T and verifies p^ . and since |^| > r, we can estimate, for any a > 1 
and t > 0, 

= f $(2/)"e-(''-^*''«)'/4^y + / ...dy 

< C3r"e~*/2|^|^e-^*lfl'/i6 + C3e-"*Cg|^|-^" / e-y"^^dy 

J|y|>e'/2|C|/2 

< C4(r-,r,a)e-"*. (25) 

By the boundedness of <!>, we can take K > such that, using Proposition 12. 2[ we 
have 

< /:f:;,(e(^+n^/^e^(^-^/^)v^) 

< C5(r,if)£f,:_^/„/.^(e^(^-^/2)^)^ (26) 

for any s > t > By Proposition 12.21 we may also assume that the constant 
C5{T,K) > 1 is such that 

4'/25(e^» < <.'/.^(e^^+^'^V') < C5(r, A0(1 - e--)-/:f,,_,,/,^(^), (27) 
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for all T < Y E^iid * > Using and assuming that AI is large we obtain 



— W\ — c— e 



< / ...dT+ / ...dT + C6(6',r,r) / e~("-*+^Mr(l - e-^) 

^ 2C2(<5,/3)C5(r,K)' ^^^^ 

for every s > ^ and t G (0, s — -y"). To show first take 61 small and then Af large. 
Similarly, let M be large enough so that also 

^^^^£S._,.,„.,(*)(l - e-<-")-.^(l - «-<'-™)-d. < ^,^,^^,l,^,^^y (29) 

for every s > i + M > K/2 + M. 

For s > M let tsis) be the supremum of such t G (0, s — A/) for which 

sup Cl^,,Ae^'^) < 2Ci(^,/3)(l - e-*)-^£f,,_,,/ (^). 

By inequality (j23p and since the integral part in tends to zero as t — > 0, we know 
that ts(s) is positive. Let 

t(s)= sup {s'-tsis')). 
s'e(A/,s) 

We want to show that t{s) < M for every s > M . which implies tsis) > s — AI for 
every s > M . This will give the claim by the definition of tB{s). 

Let us first show that ^^(s) > ^. Assume, to obtain a contradiction, that tsis) < 
^ for some s > M. Then tsis) < -^^ < since we may assume M > K. We 

may estimate the integral part of through 

ctBis) 



< C2 r^'\l - e-(*-(^)^-))-^'£^„_.,„H.,,.^(<i>)£j:_,^,.,+.,,,^(e^-^)d 







< ^/:i-.,,.„/.,(V'), (30) 





1 

by inequalities (|27p and (|28p . Here the constants C2 and C5 are as above, even 

though - for the sake of notation - their dependence on the parameters is not written 
out explicitly. Using this, together with (|22p and Proposition 12.21 we have 

sup Z:^,, (e^(*-(^»^) 

p6(l,/J-5) 
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by assuming Ci{S,(3) > 1. This contradicts the definition of tsis). Therefore tB{s) > 
Y for every s > M and so t(s) < s — K/2. 

Let us then show that t{s) < M. We proceed again by contradiction and assume 
that t{s) > M for some s > M, which impUes t{s) € (M, s — K/2]. Without loss of 
generahty, we may assume that t{s) = s — tsis), which gives ^^(s) G [K/2, s — M). 
For r e [-f ,t_B(s)], we have that \is^t{s) + T-K/2, then s-s = t{s)-s + T-K/2 e 
[—tB{s), —K/2] and so s < s. Therefore < t{s) and defining r = t — K/2 we have 
T = s-t{s) < s-t{s) < tsis). Thus 

<.:l.(.,..-.v.,/..(e^^^-^/'V)< sup £:,/.,(e^(^)) 

< 2C^{6, m ~ e-(--^/2))-^/:f,,,,,, _(^), (31) 



by the definition of tsis). 

Precisely as in ([5U)) . we obtain 

and, by inequalities (pS)) . and (PT|) . we can estimate 

rtB(s) 

if/2 * 

/•^B (s) 

< C2 j^^^^ £^(...,<„+.);.^(<i>)(l - e-(*-(^)--))-^'/:f;:_,^<,,,.,,,^(e^»dr 

< Jci^,,^,^,.,,,,^ < ici(i-e-*-(^))-/:f,._,^<.„,,^w, 

where the dependence of Ci, C2 and C5 on the parameters is not explicitly written 
out. 

This implies that 

sup r^., (e^(*«(^))^) < (l + i + i)Ci(<5,/3)(l-e-*-(^))-/:f,._,^,.„, (V-), 

which contradicts the definition of tsis). Therefore the only possibility is that t{s) < 
M and so the claim is proved. □ 
In the previous proposition we assumed that t < s — M for some large M . The 
next Proposition deals with the case t = s > M ioT some large M. 
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Proposition 2.4 Let $ satisfy il5\} . For every r E (0, 1) there exist constants M = 
A'/(r, r) and C ~ C(r, F) such that 

Cl,.^ie'''^)<C{r,r,N)M^, 

for every s > M , \^\ e (r, 1/r), and every nonnegative ip G L'j,{M.^). 

Proof Fix r > and take 9 = log(27V). Assume that s > M + 9, where M > 9 
will be defined later and let |^| £ {r, -)■ 

Let us first note that for any 1 < p < q < oo and ^ + ^ = 1, we have 

C^Mf = f |V;|fe-fl^l'/49e(i-^)l^l'/4e-(«-«''/4dy 



e-^(*-^«)-^l«l'dyy^^ < IIV'II^, e-(^+i«)(^-if-^l«l'dyy^^ 
= II f / e-l^l'/^et^'-^^l^l'/^dy) '^"^ = C{p, q, r)|| V-H^ (32) 



If t < M, then s — t > 9 and so by using first Proposition 12.21 then Holder's 
inequality, then the fact that C^Jl2^{^) < C(r, r)e~* by ((25)) . and finally the above 
inequality (|32p . we have 

< C2{9,r,T)e-'e™N-'J,%^{e^'ij) < ^3(0, r, F, Af )e-*||e^V^llL? 

< C3(0,r,r,M)e-*||^|U2. (33) 



lfQ<t<s — 9, then because of our choice of 9, we can use Proposition 12.21 with 

3 
2 



(7 = 2 and /? = I for the first inequality below and Holders inequality for the second, 



to obtain 

/:^./.4(e^(-^-*)$e^V) < C,i9)C%^i'^e^H') 

< Ci(0)4%'^($)£^,/.^(e^*V) < C4(^,r,F)e-*£^,/.j(e^V), (34) 

where the last inequality is again due to ([25]). 

If M < s — 9 < t < s, then using first Proposition 12.21 with exponents q ~ 2 and 
/3 ^ N, then Holder's inequality, and finally Proposition 12.21 with exponents q = 2N 
and /3 = 2, we obtain 

Cl,.^ie^^'-'^^e^*^) < C,{1 ~ e-(^-*))-i/2£^/,^(ci>e'^V) 

< C6(0,r,r)e-*(1 - e-(^-*))-i/2£2^^_,^^,^(eA(*-^')^). (35) 
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Define W{s) = C'^^^2^{^'^^i') a^nd use the variation of constants formula ([20)) to- 
getlier witii Proposition 12.11 and the above estimates - ([55)1 to observe that 

Jo 

I'M 

Jo 

+ / C4e-*W{t)dt 
Jm 

+ f Cee-\l ~ e-'^'-'^)-'^^W{t ^ 0)dt (36) 
Js-e 

for every s > M + 6 and for some C7 > arising from the estimate ([T^ . 
By Proposition [5Tll we have, for every s S [Af, A/ + 26'], the estimate 

W{s) < £2^,.^(e(^+ns^) < gr(A/+2.)_^2^^^(^As^) < C8er(™)||V|U^. (37) 
Take M = M{6, r, F) large enough such that 

C4{0,r,T)e''^' + Ce{0,r,r)e-^^ (l-e-*)di<-. (38) 



3 

Then let C{0,r,T) = Cse^'-^'+'^'> and take A" = K{0,r,T) > 1 large enough such that 

^7 g3(^,r,r,Af) ^ 1 

XC(6',r,r) iCC(6l,r,r) 3' 

Let 's be the supremum of such s' > M for which W{s) < KC{9, r, r)||?/'||i2 for every 
s G [M, s']. By (1371) we know that s> M + 20. Assuming that s < 00, by using (|M1). 
and (P^l) . we have for every s G [^/ + 26*, s] that 

M^(S)<C7||^|U2+C3||V^|U2 

+ C4(e-*^ - e-^'-'^)KCi9, r, r)||V>|U. 



+ Cee''"KCi0,r,T) / (1 - e-*)dt||7/.||i2 



"'^''''"\KC(0,rS) KCi0,r,T) 



+ C6e~^' {1 - er*)dt) < -KC{0)Uhl, 

which contradicts the definition of s and so s'= 00. We have therefore obtained that 

iy(s) =£2^/.^(e^» < K{0,r,T)C{e,r,r)\mL2, 

for every s > M{0,r,r). This gives the claim. □ 
The following corollary is almost a restatement of the previous proposition, but 
instead of considering £^,y2j(e^*V') for s = t, we allow s — t to be positive and bounded. 
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Corollary 2.5 Let <I> satisfy 173)) . For every r E (0, 1), and AI > there exist 
constants K = K[M, r, T) and C = C{M, r, T) such that 

for every t G [so,So + A'/], s > Sq + K{M,r,T), sq > 0, every \S\ > (r, i), and every 
nonnegative ip G L'^{M.'^). 

Proof. By the previous ProDOsition l2.4l there exist constants M'{r, T) and C{M, r, F) 
such that 

/:^/2,(eA-^)< C(M,r, nil^lli., 

for T > A/'(r,r) and |7/| e (r,e^Vr). 

Assume that s, t and ^ are as in the claim, and let r = s — t and 77 = e*^'*"^. Then 
r > K{M,r,r) ~ M > M'{r,T) by choosing K large enough, and |?7| e (r, e^^/r), 
which implies that 

and so the claim is proved. □ 
We have now the desired results that describe the regularizing properties of the 
semigroup generated by A. These results will be used in the next section to prove 
Proposition 13.41 

3 The final time blow-up profile 

In this section we prove Theorem [3] 

Let u and ip be as in Theorem [3] and define the usual similarity variables through 
s = - log(T - t) and y = and let 

W{y, s) = log(T -t)+ uix, t) - ^{y). 

Our assumptions in Theorem |3] imply that W{y,s) — !■ uniformly for y in compact 
sets as s — > 00. 

Generally speaking, to prove Theorem[3l we want to show that the £^(3_3|jy2j-norm 

of W{-,s) can be estimated by the L^-norm of W{-,sq). This is done in Proposition 
13.41 below. In the proof of that Proposition we utilize the regularizing properties of 
the semigroup {e^*}t, obtained in the previous section. Using this results and the 
- L°° regularization of the semigroup generated by A, one has that \W{e^^~'^°''^^^, s)\ 
tends to zero as sq tends to infinity. By the definition of W and by the asymptotics 
^ oi tp we obtain the claim at the very end of this section. 

Before stating and proving Proposition 13.41 we have to consider the properties of 
the function W in more detail. We also need some auxiliary results. In Proposition 
13.11 we demonstrate how to move from C"^ -norm to A/j|| -norm, in Proposition 13.21 
we consider the - L°° regularization of e^* and in Proposition 13.31 we estimate the 
norm of the nonlinearity appearing in the equation for W. 

Since the function W is defined on some s dependent subset of R^, we need to 
extend it to M^. Because the blow-up set is a compact set of B{R), we can take 
Ri e (0,i?) such that u{x,t) is bounded for € B{R) \ B{Ri) x (0,T). Then let 

C be a smooth function equal to 1 for |.t| < i?i and equal to for |a;| > R and let 

W{y,s) = Cie-'/^y)Wiy,s). 
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Now W is defined in the whole space R and it satisfies the equation 

W,=AW + h, 

where 

h = -e-'ACW - 2e-'/^-WC ■ WW + — ^ • WCW + Ce'^(e^ - 1) - e'f'W, 

for \y\ < Re'^/'^ and /i = 0, for \y\ > Re^/"^. Here we use tlie notation VC for V^{e^/^y) 
and the same applies to the Laplacian of 

Since the blow-up is assumed to be of type I, we obtain, by using , 

\VW{y,s)\ = \VW{y,s)\ = \VT~Wu{x,t) - V^{y)\ < C, 

for |y| < i?ie*/^. For such y one also has h = e'^{e^ — 1 — W). Moreover, type I 
blow-up implies that W is bounded from above and so the estimates \h\ < C\W\ and 
\h\ < C\W\'^ are valid for some constant C > 0. 
For \y\ = |a;|e*/^ and |a;| G one has 

|VW?(y,s)| 

< e-^/2|VC(e-^/2^)|(ii(x,t) + |s+^(y)|) + |C(e-^/2^)||VT^Vt.(x,<)-V^(y)| < C, 
by using (|12p and the asymptotic behavior Q of ip. Similarly we have 

\W{y,s)\ < |W^(y,s)| < u{x,t) + [(^(e^/^x) + .s| < C. 
Therefore, we obtain the estimate 

\h\ < Ao, 

for some finite constant > 0- ^ _ 

For \y\ > Ref/"^ we have that W ^0 and ft, = 0. 
Defining 

Z{y, s) = \W{y, s)\ = |C(e-^/'y)(-s + u{e-''^y, T - e"^) - 

we have obtained that Z satisfies 

Zs<KZ + h + Aox, (40) 

where x(y, s) = X{|y|>fiie='/2} (y) is the characteristic function of the set {y G : 
\y\> Rief^^}. The function h verifies 

h < AiZ, for y G K^, (41) 
and, for some s) G (0, W{y, s)), 

/i = ie'^+''z2 < ^2^2, for < Rie"/"^, (42) 

for some constants Ai and Since 1^9 is assumed to be as in Theorem [TJ we have 
that 

max <p(y) — 95(0) = a. 
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Therefore Z satisfies also the inequahty 

< (A + r + Ai)Z + AoX, (43) 

where F — e". Since W(y,s) —J- on compact sets as s -H- oo and since |VVF| < C, 
one has 

< A3, fors>Oand s)|U2 ^ 0, (44) 

as s — >■ 00. Moreover, 

|VZ(-, s)| < ^4, for (y, s) G X (0, 00). (45) 

fn what follows, we will consider the parameters {Aij^^Q, R\ and F as given. The 
constants below may depend on these parameters, but we will not state it explicitly. 

Let us now derive some estimates for the £| -norm of Z. To that end, let t € 
(s - 6*, s), |A| > i?ie*/2 and |y| < Rie'''^ /2, which gives 



and so, by using the representation formula (|16|) for the semigroup, we have that, for 
such t and y, it holds 



e^(^-*)x(2/,i) 



(47r(l - e-''+*))^/2 V V 4(1 - e-+*) 

' exp -i^-— — — ^ dA 



(47r(l-e-+*))^/2 7|,|>^^,v. "V 4(1 

Above, to be more precise, we could have written e"^(*~*^x(y> [e^'-''~*-'x('j 0](y)j 
but we obey the former option in what follows. If t G (s — 0,s) and \y\ > Rie/^'^/2, 
then 

eA(.-*)^(, < ^ [ exp f„fc^!:!l^!^^ dA 

- (4^(1 - e-^+*))^/2 A„ 1, 4(1 - e-+*) j 



1 



e-l^lV4^A = Co 



(47r)W/ 

Therefore, for any cr > 0, |^| < maxjcr, ^—4-^}, and t G {s — 6, s), we have 

/:|(e^(^-*)x(-,0)' 

J|y|<flie=/V2 J|y|>flie=/2/2 

<C3(a,g)^e-«*. 
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Next we use the variation of constants formula and ([^S]) to obtain 

J s — 

Js-e 

^ " T + Ai + 1 ^ n \ J 

for every |^| < maxjcr, ^—j^}- By Proposition 12.21 we then get 

s)) < C,{a, q, /3, 9) s - 9)) + e"^) , (48) 

for every |e^/^/i| < maxjcr, ^^^j^}, s > 6*, and 9 such that ^J'^^^^_fl < 1. By Proposi- 
tion [^3] it also holds that 

AA2(Z(, s)) < e^^+^^^'M^{e^'>Zi;s - 9)) + C',{9, a)e-^ 

<C^{9,a)(\\Z{-,s^9)\\Li+e-^), (49) 

for any 0, a > 0. 

We want to consider the solution W by estimating the norm C'^^^^_,^y2^{Z{- , s)) by 
the norm ||Z(-, so)||l2 for sq large enough. This is done in Proposition 13.41 below. In 
this proof we will need the constructed semigroup estimates from the previous section. 

Let us first formulate some auxiliary results. The next Proposition is merely a 
simple change of variables but it demonstrates how we are able to move from the £j 
norm to the A/j^i norm. 

Proposition 3.1 Let Z he as above. If sq > 1 and s' > and 

sup /:2^._.„/.^(Z(.,s + t))<Ci, 

se{so,so+s') 

for every \^\ = 1 and for every r > 0, then 

sup sup/:2,._,„,/, (Z(.,s))<C(Ci). 

se(so,so+s') |e|<l 

Proof For any s G (sq, sq + s'), let £,{s) G be such that |^(s)| < 1 and 

sup /:2j,_,,)/2,(z(-,s)) = /:^(,_,„,/2f(,)(2(-,s)). 
i?i<i 

For s e (so, So + s') define a function (3 through e(^(«)-'''')/2 ^ e'''-''°'^/'^\£,{s)\. This 
gives that /3(s) = s + 2 log(|^(s)|) < s. Let / = {s € (so,so + s') : /3(s) > so}. 
Then, for s S / and for ^(s) = 'C('S)/ !'?(*) I j have that 

sup £^(,_,„)/2j(Z(-,s)) = 'C^(^(,,_,^,/,-^^^(Z(-,s)) 
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by assumption since |^(s)| = 1 and s — /3{s) > 0. 

Consider then s £ (sq, So + \ I- Because f3{s) < sq, we can write 

sup = £^(,_,„)/25(3)(^(-,s)) 

iei<i ^ ' 

< A/;%w-,o)/4^(-,s)) < C, (||Z(.,,s - < C3, 

by using and which finishes the proof. □ 
In the next proposition we consider another type of regularizing property of the 
semigroup generated by the operator A. It is an - L°° regularization for solutions 
with bounded gradient. 

Proposition 3.2 Let Z he as above. Then 

+ 7, 5) < C[CU/.^{Z{; s - 1)) + |7| + e-^) , 

for any 7 in R^, |^| < e"/2^i/2 and s > 1. 

Proof. Using the variation of constants formula together with the inequality (|43p 
and (gS]), we get that, for every |^| < e^/'^Ri/2, 

<e(^+^+^^y^Z{i,s-l) + Ao r sup (e(^+r+^i)(^-*)x(e,Odi 
By the representation formula (|16p we estimate 

Therefore, by using (|15t . we have for every ICI < e'/^Ri/2 that 

+ 7, < ^(C, -s) + ^4|7l < ,s - 1)) + |7| + er^) 

which gives us the claim. □ 
In the next Proposition, we estimate the shifted -norm of h(t) for some /3 > 1. 
What we want to obtain is that the norm is integrable with respect to t if the shifted 
L^-norm of Z is bounded. 

Proposition 3.3 Let Z be as above and let Rie/"/^ > 2 and sq > I. If 

sup £2^,_.„v.^(Z(.,s + t)) <i?. 
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for every ^ such that \^\ = 1 and for every t > 0, then for any (3 > 1 there exist 
constants M , 9, C and C such that 

/:fu-.o)/^4(M-,i)) 

< c (e-(*-^«)/4^+^'^/:^^._.„_«v.^(z(, t - e) f 

+e-'C%^.,^ey.^{Z{;t-e))+e-'), 

for every |^| = 1 and t € (sq + Af, sq + provided that s' > M. Here M and 6 
depend only on the constants (3, T, Ri, N and {Ai}f^Q. The constants C and C may, 
however, also depend on B. 

Proof. By Proposition 13. II we have that 

sup sup/:2^,_.„,/. (Z(.,s))<Ci(B). 

se(so,so + s') |?|<i 

Since our assumptions imply that |e(*~*'')/2^| ^ e'*/^i?i/2 for every |^| < 1, Proposition 
tells us that 

sup sup |Z(e(''-''")/2^ + 7,s)| 

s6(so+l,so + s') |5|<1 

< C'^ sup sup s - 1)) + |7| + e-^) 

se(so + l,so+s') |{|<1 ^ ^ ^ 

<C2(i3)(l + |7|). (50) 
Assuming that M is large enough such that i?j:^e-^^/2A/i/2 

< ^, we have that 

g(t-so)/2 ^ _ ^^)i/2 ^ ij^e*/2(i?-ie-^"/2 + R-^e-'/\t - s^f'^) < R,e"\ 

for every t > sq + M. For \y\ > Rie*^^ and |^| = 1, we also have that \y ~ e'-*~^"^^^£_\ > 
_Rie*/^/2, since we are assuming that e~'^°/^ < Ri/2. 

Then, using the assumptions (|4T|) and (|42|) . we can estimate, for every |^| = 1 and 
1 < M < t — sq < s' , to obtain 

<(.-.„,/.,(M-,i))'' 

J|y|<e(*-=o)/2 + ((_so)i/2 

+ aU Ziy,tr^e-\y-^''-'°'''-^\'-^^dy 

7e('-=o)/2 + (t_so)i/2<|y|<i?iet/2 

+ A^, f Z{y,tfe-\y-^-''-''"''^\'/My 

Above s) G (0,W{y, s)). Thus, by using dH]) and ^ with 7 = (t - sq)^^^ > 
Ml/2 > 1^ .jve get that 

< max{0,W?(y,i)} < 2C72(B)(< - so)'/', 
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for every \y\ < e^*"'*'')/^ + (t - soY^^ and t G (so + M, sq + s'). This together with 
Holder's iiiequahty gives us the fohowing estimate for the above expression 

W|y|>fliet/2/2 -I 

FinaUy, by (P5)) and we can estimate the above by 

+ Cre-^* t - 9)) + e^*)" , 

for 9 > Q satisfying f^^^e < 1- The claim follows after some simple estimations. □ 
Now we are ready to state the proposition which is the cornerstone of the proof of 
Theorem |31 At the end of this section, we will use Proposition 13.41 to obtain Theorem 
12] as a relatively simple corollary. 

Proposition 3.4 Let Z be as above. Then there exist constants Sq, C , K > 0, de- 
pending only on {Ai}f^Q, Ri and V , such that 

Cl^.,,,/, {Z{;s))<c( sup \\Z{;s)\\Li+e-A, 

\s>so-K " J 

for every |^| = 1 and s > sq > Sq. 

Proof. Let Z be as above, |f | = 1 and define Zriy, s) = Z{y, s + r) for t > 0. Then, 
since x{s + r) < x{^)j have that Zr satisfies the inequality PO)) with h replaced by 
hr{y,s) = h{y,s + r). Therefore also (PT |) - ([15|) hold for Z^ and hr respectively, with 
the same constants {Ai}j^j^. 

By the previous results, there exists a constant M such that for every triplet s, t, 
Sq for which s>t>SQ + M> M, the following estimates (|5ip - ([55|) hold. Firstly, we 
can assume that M is large enough such that, by Proposition 12. 4[ we have 

'C'(.-.o,/2^(e^'^-^°^^r(-,so)) < Ci\\Zr{;So)\\Ll, for aU s > so + M, (51) 
and, by Proposition 12.31 

< C2{1 - e-(^-*')-^/:f,,_,„,/,^(/i,(-,t)), for te{so + M,s) and s > sq + M, (52) 
for some large /3 and e e (0, 1). By CoroUarv 12.51 and (|¥T|) . 

Cl,^s,y.^{e^'^'-'^K{;t)\) < C'^{M)\\K{-MlI < WmZ^i-MLl. (53) 
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for t e [so, So + M] and s > so + K{M) when K{M) > M is large enough. 
Then, by (gHl) we have 

< C4M) [\\Zri;s-K{M))h2+e-^) (54) 

for every sg > K{M) and s G (so, so + K{M)). 

Notice that in all these estimates the constants are independent of r > and depend 
only on parameters such as {Ai}f^Q, T, /3, N and M. Since all these paratemers, apart 
from M, are fixed, we only point out the dependencies on M below. 

Let us estimate the L'^^^_^g^|^2^ -norm of Z{-, s) for s > so + K{M) > so + i\/ with 
So > K{M). The variation of constants formula and the inequality (^0]) give that 

'C^(.-.o)/2^(^r(-,.s)) < /:2,._.„,/.^(e^('^-^«)Z.(.,so)) 

J So 

= Ti + T2+ T3. 



So 



First we notice that (|?T|) gives an estimate for the term Ti . Then we split the integral 
in T2 in two parts and use (j52|) and ((53)) to obtain 



i-so + M 

T2= Cl.,.,,;.Je^^^-'^K{;mt+ I ...dt 



So J so+M 

rso+M rs 

< / C3(Af)||Z.(.,t)|U.dt+ / C2{l-e-(^-'Y'C%, {Ki-,t))dt 

J so J SO+M 



< 



C5(M)sup||Z,(-,s)|U.+ / C2(l-e-(^-*))-^£f,,_,„,/,_(/v(-,i))di. 



Similar estimates for the term T3 imply 

pso + M /■s 

n< / C,{M)\\x{;t)\\Lldt+ C2(l-e-(^-*))-^£f,,_,„,/ (x(-,i))dt 

■J so J So + M 

/ pso + M rs \ 

< Ce{M) / e-'dt + (1 - e-(''-*))-'e-*dt < C7(Af)e-"°, 

\Jso J SO + M J 

which holds because we may assume that |e(*-"°)/2^| < e*/2i?i/2 and since we have 
that 

/:|(x(-,t)) <ce-*, 

for every g > 1 and |^| < e*^^Ri/2. 
Therefore, we have proved that 

< CsiM) fsup \\Zri;s)U. +e~A+ r C2(l-e-(^-*))-^£f<,_,„,, (/i.(i))di. 

(55) 
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Let B = max{C4(Af),C8(M)} > 1 and define, for every sq > K{M), 



s{so) 

= sup is' > so : /:^(.-.o,/..(Z.(-,s)) < 2B I sup \\Z{- , s)^^ + e-'^/A , 

[ \s>so-K{M) J 

for every s € (sq, s') and r > 0^. 

Notice that because of the inequahty ([M)) we have s(so) > so + K{M). We want to 
show that there exists sq such that s(so) = oo whenever sq > sq. 

By the previous Proposition, we may assume that M is large enough such that 

+e-*/:2^._.„_„/.^(Z.(-,t-0))+e-*), (56) 

for every Sq + M <t < s(so) and e*"/^i?i > 2 and for some 9 < M. 

We may also choose K{M) to be such that all the previous inequalities in this proof 

hold and in addition ^j^^-k{m) < 1- Then we can use Holder's inequality and (|48|) to 
verify that, for t E (s(so), s(so) + S) and 6 E (0, 1), we have 



1/2 



< C,,{Mf {\\Zr{;t K{M))U. + e-*)' (^^^ e-«V4el.|e<-+--)/^^^j 

<Cw{M)f fsup ||Z,(.,s)|U2 +e-^'Y.g(s-so)^ 

\s>so / 

where the function g is defined by the last equality and s = s(so). Therefore, 

''^V - e-(^+*'-*))-/:f<,_.„,,,^(z.(t))di 

< Cio(M)5i-^g(s- so) f sup s)|U2 + e"^") . (57) 
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Now we use to estimate the integral term in ([55]) with s = s + 5, to get 

1= r' (l-e-(^+*'-*))-£f<,..„ (/i.(.,t))dt 

Jsa + M ^ 



so+M 



r (l-e-(^+^-*))-^e-*di 

Js„ + M 



+ Cw6'-'9{s-so) sup +e-^« 

\s>so 

Then use the definition of s in the two first integrals above to estimate 



I<2B{ sup ||Z(.,s)|U2+e-^«/2 
\s>so-A:(Af) y 

•pCgs/ (i_e-(^+'^-*))-^e-(*-''«)/*'3+'^«^'*^di ( sup ||Z(-, 5)1^2 + g--^^/^ 

[ Jsa+M \s>so-K{M) " j 

+ C9 / (l-e-(^+^-*))-^e-*dt + Cio(M)^i-^g(s-so) 

Jsa+M J 

+ Cg/" (l-e-(^+*-*')-^e-*dt. 

J so+M 



Defining the constant C\\ through 

(1 _ g-(s+<5-t))-«g-(t-'<o)/4/3+C9\/t=^jj^ 



/•S" r-'s + &—\ 

< Cn{My / (1 - e-^+'^-'ydt + (1 - 6"^)-'= / e-(*--^«)/4''+'^«^'^di 

Js+S-l Jso+M 

<Cn{M), 

and similarly 

(1 - e-(^+''-*^)-<^e-*dt < Cue-'", 



so+M 



we get that 



I<2B{ sup |l^(.,,s)|U.+e-^°/2 

\_s>so-K(M) J 

■\2CgBC11 I sup 5)11^2 +e-^"/2Kc9Ci2e-^''+Cio(M)5i-^g(s-so)l 

[ \s>so-K{M) " y J 

+ CgCi2e-^°. (58) 
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By the assumption we may take sq such that 

2C2C,BCn I sup \\Z{; s)Ui + e-''>/A < i,, 

\s>SQ-K{M) J 

and 

C2C9Ci2e-^°/2 < 4, (59) 
16 

for every sq > sq- Then, by ([55]) and one has that 

£^™2.(^r(s + (5)) <2i? ( sup ||Z(.,s)|U.+e-'''/2] 

\s>sa-K{M) J 

■\l + 2C2CgBCnl sup ||Z(., s)!^^ + e^^^/^ ) 

\s>so~K{M) J 

+ C2CgCi2e-'° + C2CioS'-'g{s - so)| 



<2b{ sup ||Z(.,s)|U.+e-^°/2 

\ s>so--R'(A/) , 



(60) 



Assummg that s(so) < 00 for some sq > sq and definmg (5 = (5(s(so)) to be smaU 
enough such that 

C2CioS^~'9{s-so) < ^, 
lb 



inequaUties ([59)) and (|60)) yield that 



£^(.+.,/2^(^r(s + <5))<2i?( sup ||Z(.,s)|U2+e-V2 



s>so-K(A/) 



for every r > 0. This is in contradiction with the definition of s = s{sq). We have 
thus proved the claim and reached the end of the proof of Proposition 13.41 □ 
Proof of Theorem O 

Proposition [321 with 7 = gives us that, for e-""'/^]^] < 

Z(e(-^°)/2e, s)<C (l^,._.„_,,/.^(Z(., . ~ 1)) + e-^) , 
for every s — 1 > sq. Therefore, Proposition 13.41 states that 

Z(e(^-^")/2e,s)<c( sup \\Zi;s)h2+e-A, 

\s>so-K{M) J 

whenever sq > sq, for some sq large enough. 
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So, for s large, sq > sq and e *"/^|^| < i?i/2, we have 

Zie'-'-'^^/^C s) = \-s + M(e-"«/2^, T - e"-') - ipie'^"-'"^/^^)] 

= \-s + u(e-^°/2e, T - e-^) + 2 fogCe^^-^^^/^O - + o,^oo(l)| 
= |u(e-^°/2e, T - e-^) + 2 log(e~^°/^C) - ^ + 0,^00 (1)| 

<C( sup \\Z{;s)\\L2+e-A, 

where Ca is as in Theorem [1] 

By the above inequahty, origin is the only blow-up point in the ball B^--so{0). 
Thereby, u{x,t) is bounded in every set -67-2(0) \ -Bri(O) for < ri < r2 < e""" and 
parabolic estimates imply that also ut{x,t) is bounded in every such set. This gives 
us the existence of the limit limj^T u{x, t) for x g B^--o (0) \ {0}. 

By taking the limit as s —> 00, we get 

|u(e-^»/2e,T) + 21og(e-^"/20-Ca|<c( sup + e"^' 

\s>so-K(M) 

Using the assumption pi)) . we obtain 

lim|w(x,r) + 21og|x|-a|= lim |u(e-^«/25, T) + 2 log(e"^«/2^) - C„| = 0, 

and thus we have found the blow-up profile. □ 



4 Revisiting the case of constant selfsimilar profile 

In this section we will briefiy go through some results of the paper |FP| and notice that 
the conclusions of Theorem[T]above hold by assuming only that uq is radially symmetric 
and blow-up takes place at the origin with type I rate, thus verifying Theorem [5] above. 

In |FPj we proved Theorem [T] by showing that if u is a radially symmetric and 
radially nonincreasing L^-solution of equation ^ with f{u) = e" on [0,7^ that blows 
up at i = T < T and 

log(T -t)+ u{VT-ty, t) 0, 
uniformly on compact sets as t — > T, then either 

lim |w(a;,T) + 21og|a;| - log | log |x||| = C (61) 

a:— 

or 

lim |u(a;,T) -hTOlog|x|| = C, (62) 

for some constant C. This will then imply that the blow-up is complete by Theorem 
3.6 in |Va| . thereby contradicting the assumption on u being an L^-solution on [0,7^. 
For an L^-solution such as in Theorem [T] the only possibility is thus a nonconstant 
selfsimilar blow-up profile, see details in |FP| . 

We will now demonstrate that we do not actually need to assume that u is radially 
nonincreasing in order for this analysis to go through. 

Let 

uix,t) = CixMx, t) - (log(T -t) + 1)(1 - C(x)) 
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be a continuation of u to the whole space K^, where C € C°°{M.^) and (^{x) = 1 for 
< Ri < R2 < R and C(2^) = for |a;| > i?2- It is proved in Propositions 3.4 and 3.6 
in |FP| that the following is true. 

Proposition 4.1 Let u be a radially symmetric solution of (J^l that blows up with type 
I rate at {x,t) = (0, T) and assume that the convergence 0j holds with ip ~ 0. Then 



lim(log(r-t)+u(A(t)2;,f)) = -log 1+ V c„j/° 

\ |q|— m 

uniformly for y in compact sets, for some m > 2 and constants c^, where a is a multi- 



index and \a\ =«! + .. . + Q!7v. The function X(t) is defined by X{t) = \ \og{T—t)\\/T — t 
ifm = 2, and by \{t) = (T-t)i/" ifm>2. 

Notice that there is no assumption on u being radially nonincreasing in the above 
Proposition. 

We show that the above Proposition implies that either (pT|) or (|62p holds. There- 
fore the conclusion of Theorem [5] is obtained by using Theorem 3.4 in |Va) and an 
energy argument as in [FP| . We will first define an auxiliary function WV and describe 
some of its properties below. Then we prove Proposition 14.21 below, which gives that 
the L^-norm of Wr{-Ts) is controlled by the L^-norm of WV(-,0). Profiles (pT|) and 
(p^ are obtained at the very end of this section. 

For fixed ^ with |^| < 1, define 



Wr (y, s) = log(r - r) + 2(A(r)e + - TVl~ty, t + {T - T)t) 

+ log 1 - i + CaC" 

\ I a I —771 

for y e and s > 0, where r e (0, T) and s = - log(l - 1). Then, by using the above 
Proposition 14. 11 Wr satisfies 

\\Wr{-M\Ll~^0 and ||T^,(.,0)||^, ^0, (63) 

as T — > r and, by ([T^ . there exists a constant > such that 

\VWr{y,s)\<Ao, (64) 

for every {y,s) e X (0,00). It can be also verified that WV solves 

{Wr)s = ^Wr - ^VWr + C^Wr + fr = AWr + C^Wr + /r , 



where yl = A — |V and 



a I —771 / 



4>{s) = -,s - log e"'' + 
Above fr is a certain function, that we do not explicitly write out here, satisfying 

\fr\<Ai\Wr\ and \fr\<A2\Wr\\ (65) 

for some constants Ai , > and 

\fr\<e^{e'^^ -l-Wr). (66) 



for |A(r)^ + v'2^~^vT~~ti/| < We have the following result. 
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Proposition 4.2 Let Wr he as above. There exist constants C and t > such that 

\\Wr{;s)\\Ll<C\\Wr{-M\Ll, 

for every s > and t > t. 

Proof. Let = \Wr\. Since e*^ is bounded and since < AiZ^-, we have a 
constant Ci > such that for any s > sq ^ it holds 

^.(•,s)<e(^+^i)(^-^«)Z,(.,so). (67) 
By one has that \\Zt-{-, 0)\\l^ < C, for some C > independent of r, which imphes 

\\Zr{;s)\\L2 < e^i^«||Z,(., 0)11^2 < C2(so), (68) 

for every s < sq and t G (0,T) with C2(so) independent of r. 
Now define 

s(so) = sup{s' > : \\Zr{-,s)\\L2 < 46*^1"" ||Z^(-,0)||i2 for every s e (0,s')} 

and notice that (j68p imphes s(so) > sg. 

Using the representation (|16p and ([ST]) together with the definition of s(so), we 
obtain 

^t(0,s) < e'^ie'^iZ^(0,s- 1) 



< CW e i(i-=-M|Z^(A,s- l)|dA 

1/2 / /. \ 1/2 

elA|V4g-|A|V2dA' 



<C3e^i^°||Z,(.,0)|U2 <C4(so), (69) 



for every s € (1, s(so)). For \y\ < ^5 we have that |A(r)^ + \/T - Te-'^'^y\ < Ri for r 
large enough, and for such y the inequalities ([55)) and thus imply 

|/.(2/,s)|<ie^(^)+^-(«'^)Z.(y,s)2 

< C5e-^e^-("^")+^°^Z,(y, s)^ < Ce{so)e-'+^°^' Z^iy, sf. (70) 

Now we can estimate the L^-norm of fr, by using (|55l) . (|70p . Holder's inequality, 
Proposition 12.21 and the definition of s(so), to obtain 

\\fri;s)\\h < I e-2^+^^«^Z.(y,s)4e-l^l=/4dy 

+ / AlZr{y,sfe-\y\"'^Ay 
<C6(so)2e-2^+2^«^||Z.(-,s)||i. 

+ e-\y\'/^dy\ \\ZA;s)\\\. 

<C7(5o)e-2^+2^«v^||Z,(.,,s-A')i|i2+C'8e-^/«||Z.(.,s-i^)||i2 

<C9(so)'e-^/«+2^"v^||Z,(.,0)||i2, 
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for any s G (K, s{sq)) and sq > K. 

Now. let Cio be such that e"^'^-* < CiQe~^ and take so > K large enough to satisfy 



1 

iof"°" ' 



4 

and define r = t(.so) to be such that 



for every r > r. 

Then by using the variation of constants formula together with the previous esti- 
mates, we obtain 

\\Zr{-,s)\\L2 

< ||e^(^-«°)Z,(.,so)||i. + r||e^(^-*)e^Wz.(.,t)|U.dt+ \\e^^^-'^ M- M L^dt 

J So J So 

< ||Z,(.,so)||l^ +Cio4e^^'° / e-*df||Z,(., 0)||l2 

J So 

+ Cgiso) re-*/i6+^«^dt|lZ,(.,0)||i. 

J So '' 



<4e'^^^«||Z.(.,0)|U. 



<3e^i^"||Z,(.,0)|U., 



for every s € (sq, s(so)) E^nd t > t. This proves that s(so) — 00 and the claim follows. 
□ 

Using the previous Proposition and (j69p we have that 



\Wr{0,s)\ < C\\Wr{-,S - < C\\Wr{-,0)\\Ll, 

for every r > r and s > 1, when t is close enough to T. Rewriting this gives 
log(r-T) + ^.(A(T)^,r + (T-T)(l-e-^)) + log(e-^+ ^ c„r) | < C||iy.(-, 0)|U., 

|q| — m 

and by taking the limit as 5 — )■ oo, one notices that 

log(T-T)+^.(A(T)^,T) + log( J2 c^C)\<C\\Wri;0)\\Li^O, 

\a.\—m 

'AS T ^ T. The desired blow-up profiles (|6ip and are then obtained by a change 
of variables as in IFPI. 
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